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We apply the concept of slow surface-plasmon polariton standing-wave resonances to model the plasmon
resonances which exist on split-ring resonators �U-shaped nanowires� forming the unit cell of a metamaterial
at infrared frequencies. We compare the expected resonances predicted by the model with full electrodynamic
three-dimensional simulations of the U-shaped nanowires for varying geometrical parameters and find a rea-
sonably good agreement. We also consider how far-field dipolar coupling between unit-cells and near-field
coupling between the U-shaped nanowire’s arms should be taken into account. In addition, we study how the
different resonances give rise to negative constitutive parameters for the metamaterial and adjust the geometri-
cal parameters so that the second and third order slow-SPP standing-wave resonances of the U-shaped nano-
wires result in a double-negative behavior at far-infrared wavelengths without the need of further wires or
particles. Finally, we study the effects of stacking N layers of such metamaterial, where each resonant mode
splits into N normal mode resonances, showing different electric or magnetic responses. This simple stacked
structure maintains the left-handed behavior, exhibiting backward wave propagation.
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I. INTRODUCTION

Artificially structured materials, termed metamaterials,
are composed of artificial atoms much smaller than the
wavelength of the incident electromagnetic field, which al-
low the metamaterial to be modeled by an effective homog-
enous medium to which constitutive electromagnetic param-
eters �eff and �eff can de ascribed. Of particular interest are
the so-called left-handed metamaterials �LHM� showing a
negative index of refraction which can be produced by a
negative electric permittivity �eff and a negative magnetic
permeability �eff at the same frequency.1 These LHMs show
unusual optical properties and have the potential application
of a perfect lens.2

The negative permeability Re��eff��0 is typically
achieved at microwave frequencies by using split ring reso-
nators �SRRs�.3 Considerable effort was done to scale down
the SRRs to terahertz, telecommunication, and optical
frequencies4,5 which required advanced lithography tech-
niques �other methods for achieving negative permeability at
optical frequencies with less elaborate shapes include the use
of spherical semiconductor6 or metallic7 particles�. At high
frequencies, the LC model of the SRR, valid at microwave
frequencies, had to be refined.8 Finally, the LC resonance at
optical frequencies was reinterpreted as a surface-plasmon
polariton �SPP� resonance.9,10 This gave much physical in-
sight into the various resonances observed in SRRs at optical
frequencies, which were all identified as higher order plas-
mon resonances.

The so-called surface-plasmon polaritons are propagating
electromagnetic waves sustained along a metal/dielectric in-
terface, coupled to collective oscillations of the conduction
electrons in the metal.11 These waves propagate highly con-
fined to the interface, with the fields exponentially decaying
away from it.

In particular, a metallic nanowire at optical frequencies
allows propagation of leaky and bound SPP waves along its

length.12–14 One of the bound modes supported by nanowires
is the short ranging surface-plasmon polariton �SR-SPP�,
also called slow SPP, which is highly confined inside the
metal, thereby slowing down the mode propagation while
increasing the attenuation. If we consider metallic nanowires
finite in length, one can model the end faces as reflecting the
incident SR-SPP modes �but not the other modes, namely,
the long ranging SPPs, which show weak reflection at the
ends�15,16 and turn the nanowire into a resonator15–20 showing
standing slow-SPP waves when the nanowire length is ap-
proximately an integer of the half of the plasmon wave-
length.

These slow-SPP standing-wave resonances have been
identified in optical nanoantennas,19 and can play a role in
the building blocks of metamaterials at optical frequencies.21

In Ref. 9 the resonances of a SRR where associated with
plasmon resonances: we bring this interpretation one step
further by explicitly applying the slow-SPP standing-wave
nanowire resonator model to the SRR resonances. We also
carry out a numerical study on the possibility of using the
usually overlooked higher order slow plasmon resonances of
the SRR �in particular the second and third order� to achieve
electric and magnetic polarizability, and thus negative con-
stitutive parameters. This way we obtain a double-negative
metamaterial at far-infrared frequencies with a single ele-
ment in the unit cell �SRRs alone�, unlike most metamaterial
designs which �with some exceptions22,23� require further
wires or particles.

II. ANALYZED STRUCTURE AND NUMERICAL TOOLS

A single unit cell of the analyzed metamaterial consists of
a gold U-shaped nanowire as shown in Fig. 1, which depicts
the relevant geometrical parameters. The nanowire lies in the
XZ plane and the unit cell is repeated in the x and y direc-
tions with ax and ay periodicity, respectively.

Three-dimensional numerical calculations were per-
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formed using a commercial electromagnetic solver �CST MI-

CROWAVE STUDIO�. A plane wave propagating in the z direc-
tion with the magnetic field parallel to the y axis
�perpendicular to the nanostrip plane� was incident in the
structure, and the transmission and reflection coefficients
were obtained for a certain frequency range. Field patterns
and electric currents inside the nanostrip at certain frequen-
cies were also obtained.

For our simulations, gold’s permittivity was modeled us-
ing the Drude model ����=��−�p

2 / ��2+ i���, where ��=9,
�p=1.3673�1016 rad /s is the plasma frequency, �=1 /�
=1.0027�1014 s−1 is the collision frequency and �
=2	c /
. At far-infrared frequencies, gold’s permittivity is in
the free-electron region, so the Drude model fits very well to
experimental data.24 Later in the paper, an unrealistic value
for the collision frequency of �=1�1012 s−1 was used to
provide better insight into the resonances.

III. MODEL OF SLOW-PLASMON STANDING-WAVE
RESONANCES

A. Analytical model for surface plasmons in a straight finite
length nanowire

Throughout this paper, we modeled a cylindrical nanowire
as a standing-wave slow-SPP resonator.15–20 To calculate the
expected frequencies at which the mth order resonance will
occur, we used the standing-wave condition:15

�SPPLtot = m	 − � , �1�

where �SPP���=2	 /
SPP���=k0nSPP���= �� /c�nSPP��� is
the propagation constant of the SPP, Ltot is the total length of

the nanowire, m is an integer, and � is the phase shift due to
reflection of the SPP mode at the wire ends. For simplicity
we consider �=0, which is equivalent to modeling the nano-
wire ends as perfect magnetic walls.

To obtain the resonance frequencies from the resonance
condition, we need the dispersion relation �SPP��� of the
slow SPP on a cylindrical nanowire. Such slow SPP corre-
sponds to the first-order bound mode supported by the infi-
nite cylinder, in which all fields show invariance with the
angle in cylindrical coordinates  �specifically this implies
n=0 where the fields are multiplied by a harmonic term ein�.
The dispersion relation of the slow-SPP mode is given
by12–14

�mI1��dr�K0��mr�
�dI0��mr�K1��dr�

= −
�d

�m
�2�

�i = ��slow-SPP
2 − �i�0�2 i = d,m ,

where �d is the permittivity of the surrounding dielectric, �m
is the metal permittivity following the Drude model, and r is
the radius of the nanowire. The calculated real part of
�slow-SPP��� using the dispersion relation is shown in the in-
set of Fig. 2.

Equations �1� and �2� yield the frequencies at which an
incident excitation with the appropriate symmetry conditions
can couple to the standing-wave slow-SPP resonances. At
these frequencies, dips in the transmission spectra will be
seen. The inverse procedure can also be done:25 experimen-
tally observing the extinction peaks in the spectra of trans-
mission through arrays of nanofabricated finite length nano-
wires can be used to experimentally deduce the dispersion
relation �slow-SPP���.

(a)

(b)

FIG. 1. �Color online� �a� Unit cell of the analyzed metamaterial
showing the relevant geometrical parameters and the incident plane
wave. �b� Single layer metamaterial used in simulations.

FIG. 2. �Color online� Analytically calculated field at a certain
instant for a slow-SPP standing-wave resonance on an infinite cy-
lindrical nanowire of radius 100 nm. Thin red lines represent the
electric field lines. The magnetic field �not shown� circles around
the nanowire. Thick black lines represent the direction of current
flow. The + and − signs represent the charge accumulation along the
nanowire. Inset: calculated dispersion relation of the slow-SPP
mode.
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The analytical field distribution14 of these slow-SPP
standing waves is plotted in Fig. 2. The electric field is sym-
metrical with respect to the cylinder axis, and all fields show
invariance with the angle in cylindrical coordinates . If one
looks at the electric field inside the metal nanowire, it can be
seen that it consists of consecutive half-
SPP sections with
the longitudinal electric field component oriented toward al-
ternating directions �in fact showing a sinusoidal variation
with period 
SPP along the propagation direction�. The cur-
rent inside the metal nanowire will be proportional to the
electric field and therefore will follow the same alternating
pattern.

To check the model, we simulated a plane-wave incident
into an array of gold nanowires, with the electric field paral-
lel to the nanowire axis. The odd mth order slow-SPP
standing-wave resonances were clearly identified as extinc-
tion peaks in the transmission spectrum �the even mth order
resonances were not observed since they cannot be excited
by the incident electric field due to symmetry consider-
ations�. The field and current distributions showed strong
resemblance to Fig. 2 except near the nanowire ends. The
frequency of the first and second resonances showed a good
agreement with the model, while the third resonance hap-
pened lower in frequency than expected. A similar shift was
observed experimentally at high frequencies in Ref. 25 and it
is suggested in Ref. 15 that this shift could be due to not
considering a phase change � upon reflection at the ends.

B. Resonator model for surface plasmons on a U-shaped
nanowire

To completely characterize the SPP resonances on a
U-shaped nanowire, one should solve the full electrodynamic
Maxwell equations on the particular geometry. However, it
would be useful to have at our disposal a simpler model to
predict the resonant frequencies and field distributions, as
well as their dependence with geometrical parameters. It is
reasonable to associate the resonances on a U-shaped nano-
wire to the corresponding resonances on a straight nanowire
of same total length as modeled above, although some inac-
curacies arise from this process. The definition of the total
length Ltot becomes ambiguous: we defined the total length
of the nanowire as the length along its center, but the electric
currents predominantly occur near the surfaces of the cylin-
der. Also the model does not take into account possible cou-
plings between the propagating SPPs, especially at the bends
of the U-shaped nanowire, and it is known that SPP propa-
gation along curved metal surfaces increases the attenuation
and modifies the phase.26

C. Current and field configurations yielding negative
parameters

Knowledge of the currents inside a finite length nanowire
at each resonance �showing sinusoidal variation along its
length� allowed us to predict the currents in the equivalent
U-shaped nanowire. Just above the resonant frequency, these
currents are known to lag behind the driving electromagnetic
fields, thus creating either electric or magnetic dipolar mo-
ments which can be parallel and opposed to the incident

electric or magnetic field. When the U-shaped nanowires are
sufficiently small compared to the wavelength, they can act
as the unit cell of a homogenous metamaterial medium
which then shows a Lorentz-type response in the effective
permittivity or permeability, respectively. If this response is
strong enough it can result in negative constitutive param-
eters.

We simulated some examples of bent nanowire plasmon
resonances leading to virtual current loops �VCL� and thus a
Lorentz-type response on the magnetic permeability �eff,

27

such as the first-order resonance on a U-shaped nanowire
�the well-known LC resonance discussed below� and the
second-order resonance on an S-shaped nanowire �not
shown�.

IV. NUMERICAL RESULTS

A. Resonances on a U-shaped nanowire

We interpret the resonances that appear in a U-shaped
nanowire at optical frequencies as slow-SPP standing-wave
resonances. Figure 3 shows the simulated transmission and
reflection spectra of a metamaterial composed of U-shaped
nanowires �geometry as shown in Fig. 1�, and the corre-
sponding electric field and current distributions for each

FIG. 3. �Color online� Transmittance and reflectance spectra of
the analyzed metamaterial upon plane-wave excitation as shown in
Fig. 1. Geometrical parameters are: r=100 nm, d=450 nm, L
=2125 nm, Ltot=4700 nm, ax=ay =2800 nm. The three first reso-
nances are seen as dips in the spectrum and the simulated electric
field distribution is shown for a particular instant in each resonance.
Thick arrows indicate the current flow. Discontinuous arrows indi-
cate the VCLs �electric current loops closed by displacement fields�.
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resonance. The geometrical dimensions used are L
=2125 nm, d=450 nm, r=100 nm, and ax=ay =2800 nm.
Results agree qualitatively with those in Ref. 10. As it can be
seen, the current distributions in each mode labeled m show
m different sections of the nanowire with the current oriented
at alternating directions. These current distributions agree
with the known analytical currents shown in Fig. 2 for the
slow-SPP standing-wave resonances if the straight nanowire
was bent into a U shape. Also the electric and magnetic fields
show the patterns that would intuitively arise from bending a
finite straight nanowire. We believe that this field and current
coincidence strongly supports the adequacy of the standing-
wave resonator model for the U-shaped nanowire.

The first resonance is the so-called LC resonance of the
SRR, and can be interpreted as the first plasmonic standing
wave of the equivalent straight nanowire, �when 
slow-SPP
=2Ltot�. The virtual current loop �electric current closed by
an electric displacement field� seen around all the structure
and perpendicular to the incident magnetic field is respon-
sible for a magnetic Lorentz-type response. On the other
hand, the net electric dipolar moment shown by the charge
distributions is small and oriented only in the z direction, so,
as we will see, the electric response and the dipolar far-field
interaction between unit cells are weak on this first reso-
nance.

The second resonance is usually called Mie resonance or
electric plasmon resonance, and corresponds to the second
plasmonic standing-wave resonance of the equivalent nano-
wire �when 
slow-SPP=Ltot�. The charge distribution shows a
clear net electric-dipole moment in the x direction �parallel to
the incident electric field� and so this resonance shows a
Lorentz-type electric response, which can yield a negative
permittivity. Also, due to the net electric-dipole moment, the
position and strength of this resonance highly depends on the
far-field dipolar interaction between unit cells.

The third resonance corresponds to the third plasmonic
standing-wave resonance of the equivalent nanowire. It can
be seen that two opposing virtual current loops are created
but one of them has a greater area and thus dominates, which
together with the electric quadrupole28 observed in the
charge distribution gives this resonance a magnetic Lorentz-
type response. It is this third resonance that we will use
together with the second one to attain a negative refractive
index. Its high frequency in comparison with lower order
resonances makes it particularly sensible to a damping of the
resonance due to a high electron mass inductance8 as com-
pared to the geometrical inductance, so special care must be
taken for this resonance to be strong enough as to show a
negative real part of the permeability.

Above the third resonance, the well-known Wood
anomaly appears where expected,29,30 corresponding to the
frequency in which the first grating order changes from eva-
nescent into propagating at grazing angle. The following
higher order resonances occur above the Wood anomaly,
where the first grating order is propagating, and so are af-
fected by great damping due to radiative losses.

We applied the effective parameter retrieval method31–33

using the simulated transmission and reflection spectra. The
retrieved �eff and �eff are shown in Fig. 4 and correspond
only to propagation along z direction and for the polarization

shown in Fig. 1. The homogeneous medium equivalence is
poorly justified given that the unit cell’s size in the propaga-
tion direction is only just below 
 /4 for the third resonance,
however the results agree with expectations. The Lorentz-
type resonances are clearly seen for �eff at the first and third
resonance, and for �eff at the second resonance. The corre-
sponding antiresonance in the other parameter due to a finite
wave vector34 can also be seen in each case.

In order to obtain a double-negative metamaterial, our
aim was to push the second and third resonances closer, so
that the negative permeability achieved by the third reso-
nance occurred on the frequency range after the second reso-
nance at which permittivity is seen to be negative. To achieve
this we performed several simulations to deduce the depen-
dence of the resonances with the geometrical parameters.

B. Resonance shifts through changes on geometrical
parameters

1. Changes in the nanowire length

We define the total length of the nanowire Ltot as the lon-
gitudinal length measured through its center, which is ap-
proximately given by Ltot=2L+d. By varying the total length
we change the standing-wave condition �Eq. �1�� so shifts in
the resonances occur as seen in Fig. 5�a�. At frequencies �
��p and large nanowire radii �compared with the penetra-
tion depth�, the dispersion relation for the SR-SPP follows
the light line very closely, so the expected resonance wave-
lengths accurately fall on Ltot=n
 /2 as in classical RF dipole
antennas.

The third-order resonance is always seen lower in fre-
quency than the model prediction. This difference probably
arises from a frequency-dependent phase change � upon re-
flection of the slow-SPP at the nanowire ends,15 taken to be
zero in our model.

FIG. 4. �Color online� Retrieved electromagnetic parameters
from the simulated transmittance and reflectance spectra of Fig. 3.
For the retrieval procedure, the equivalent metamaterial slab thick-
ness was adjusted to the limits of the metal. The frequencies of the
first three standing-wave resonances are indicated with dashed
lines.
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2. Changes in the nanowire radius (r)

The dependence of the resonance frequency as a function
of the nanowire radius is shown in Fig. 5�b�. In accordance
with the theoretical model, the slow-SPP modes are lowered
in frequency when the radius of the nanowire is reduced
below the penetration depth, which also increases the losses
of the slow SPP, as determined by the imaginary part of
�slow-SPP��� from the dispersion relation in Eq. �2�.

3. Changes in the distance between arms (d)

In Fig. 5�c� we plot the resonant peak dependence with
the separation between the two arms of the U-shaped nano-
wire. For a fair comparison, the total length of the nanowire
Ltot was set constant, so we decreased the arm length L as d
was increased. Our slow-SPP nanowire resonator model con-
siders a straight nanowire and so cannot take into account
distance between arms, so the model resonant frequencies in
the graph are constant.

It can be seen that for small distances, the odd modes
�which show opposite current flow on the two arms� shift
down in frequency. We interpret this as a coupling effect: the
electric field created by the SPP on one arm opposes the
electric current flow of the SPP on the other, thus increasing

the restoring force of the electron oscillations, which leads to
a redshift in the resonances. A weakening of the magnetic
response is also observed due to the reduction in the area of
the VCLs �in fact, for decreasing values of d less than 20 nm,
the odd resonances are seen to gradually disappear�.

The second mode is not affected by the strong redshift nor
weakened, as both arms have the current flowing in the same
direction and no increased restoring force occurs. In fact,
when d→0 the second mode coincides with the first mode of
a straight nanowire of length L �instead of Ltot�.

The coupling behavior of the odd modes agrees qualita-
tively with an analytical model for the magnetic plasmon
resonance �MPR� �Ref. 35� on two contiguous nanowires,
which on Ref. 35 is studied on the same first resonance of a
U-shaped nanowire which we study here. Unfortunately, ap-
plying the MPR formula to plot the expected resonant fre-
quency in this case was not suitable, as the condition L�d
�2r used in Ref. 35 does not hold in our structure. The MPR
is accurate for very thin nanowires �thinner than a skin
depth� where the slow-SPP mode is heavily confined inside
the metal and slowed down, which enables a “squeezed”
resonance with a total length much smaller than the free-
space wavelength, at the expense of greater damping.

(b)(a)

(c) (d)

FIG. 5. �Color online� Resonant frequency of the first standing-wave modes of the metamaterial shown in Fig. 1 with varying �a� total
length, �b� nanowire radius, �c� distance between arms, and �d� index of refraction of a dielectric inserted between the arms. The other
geometrical parameters are kept constant to the values indicated in Fig. 3. The solid lines show the results from our simulations, while the
dashed lines in �a� to �c� show the results calculated from the slow-SPP standing-wave resonator model using Eqs. �1� and �2�. When two
resonances cross in frequency and form a single dip, no line is plotted because the two resonances cannot be resolved.
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4. Insertion of dielectric material between the arms

By inserting a dielectric in the space between the two
arms we found that the magnetic resonances �first and third
modes�, which have a high electric field energy density in the
space filled by the dielectric, shift down in frequency, while
the electric resonance �second mode� which has a low elec-
tric field energy density in the dielectric remains unchanged.
The simulated results are shown on Fig. 5�d�. The third reso-
nance can be lowered in frequency toward the second reso-
nance. As indicated later in this paper, this tuning of the third
resonance can be used as a means of achieving a negative
index of refraction.

5. Changes in periodicity and far-field interactions

Figure 6 shows the effect of varying x and y periodicity of
the metamaterial on the SPP resonances. It is known that the
periodicity of an array of nanoparticles can shift the SPP
resonance frequency and behavior �lifetime and spectral
width� both due to near-field coupling36 �on nanoparticles
nearly touching� and far-field coupling. Far-field coupling
dominates for distances between nanoparticles greater than a
few tens of nm, and was studied in full detail theoretically in

Ref. 37 and measured experimentally in Ref. 38.
For small periodicities ax with particles nearly touching

on the x direction, the second resonance shifts down in fre-
quency due to near-field coupling �at the limit of touching
nanoparticles, the metamaterial would resemble an array of
infinite nanowires, which would behave as an effective
plasma medium,39 where the second resonance would move
down to zero frequency�. For small vertical periodicities ay
�with particles nearly touching in the y direction�, the second
resonance strongly shifts up in frequency disappearing even
above the third resonance, the reason for this is not clear. As
the periodicity is increased, the effects of far-field coupling
come into play. Far-field interaction of nanoparticles can be
decomposed into two problems: the dynamic depolarization
of a single particle and the dipolar interaction between point
dipoles.37 In our case, only the second plasmon standing-
wave resonance shows strong net dipolar moment in the XY
plane, so only this resonance shows significant dipolar inter-
action. This explains why the LC resonance frequency does
not depend in periodicity due to the lack of a net electric-
dipole moment.

Figure 6 also shows the Wood anomaly. Theory predicts37

that the dipolar interactions for a given plasmon resonance
exhibit strong variations �frequency-shift and increased
damping due to radiative losses� when the periodicity allows
a grating order to change from evanescent �a�ac, where ac
is the critical grating constant� to radiative in character �a
�ac�. On Figs. 6�a� and 6�b� an example of such change
occurs when the Wood anomaly crosses the third resonance.
The increased losses are seen in the transmission spectrum
�not shown� as a weaker dip with increased spectral width.
The frequency shift is clearly observed.

C. Negative index of refraction

Considering only the metamaterial as seen in Fig. 1, with-
out requiring additional wires or particles, we could achieve
a simultaneous negative permittivity and permeability when
the third resonance occurred just above the second one, and
so obtain a LHM.

1. Downshift of the third resonance through insertion of a
dielectric between the arms

Figure 7�a� shows the simulated transmission and reflec-
tion spectrum of the U-shaped nanowire with a dielectric of
index n=1.8 inserted between both arms, and the retrieved
effective parameters. The radius of the nanowire has been
increased to achieve a stronger magnetic resonance. It can be
seen that the third resonance has shifted down in frequency
toward the second one, in agreement with Fig. 5�d�, therefore
achieving a simultaneously negative Re��eff� and Re��eff�,
and thus a negative Re�neff� at a frequency of 70 THz.

We noticed that if the third resonance comes too close to
the second one, for a frequency separation below a certain
threshold value, a drastic change in the phase of the trans-
mittance �not shown� takes place, and the retrieved perme-
ability and permittivity change from being both negative to
being positive, but a transmission peak where we had nega-
tive effective index is still observed due to the impedance

(a)

(b)

FIG. 6. �Color online� Simulation results for the resonant fre-
quency of the first three standing-wave modes of the metamaterial
shown in Fig. 1 with varying �a� horizontal �b� vertical periodicity.
The frequency of the Wood anomaly is also shown. When two
resonances cross each other in frequency and form a single dip, the
graph does not show their spectral position as the individual reso-
nances cannot be resolved.

RODRÍGUEZ-FORTUÑO et al. PHYSICAL REVIEW B 79, 075103 �2009�

075103-6



approaching unity near the resonance. To achieve a negative
index of refraction, we need the third resonance close to the
second one, but not too close. As a rule of thumb we found
that it is important that the two resonances show clearly dis-
tinguishable dips in the spectrum and do not merge to form a
single dip. When the two dips are no longer distinguishable,
no negative Re�neff� is retrieved. We believe that this is be-
cause when the two resonances coincide in frequency, the
structure cannot support the two different field and current
distributions simultaneously showing both electric and mag-
netic dipolar moments. We have found this criterion to be
valid on all subsequent simulations. This is seen in Fig. 7�b�,
where a slightly higher dielectric than that on Fig. 7�a� was
used: although a very slight variation in the absolute value of
the transmittance spectra is seen, the two dips m=2 and m
=3 merge into a single one, and drastic changes happen in
the retrieved parameters resulting in a non-negative Re�neff�.

2. Shift up of the second resonance by far-field dipolar
coupling

Figure 8 shows the simulated transmission and reflection
spectrum of the U-shaped nanowire with an appropriately
chosen ay periodicity �in agreement with Fig. 6�b�� that

raises the frequency of the second mode closely below the
third one �but not too close�, so that a negative Re�neff� at a
frequency of 80 THz is achieved.

D. Stack of several layers of metamaterial

We simulated the stacking of N layers of the metamaterial
with a period az in the z direction. We found that the peaks
seen on the single layer which could be associated with the
first, second, and third slow-SPP standing-wave resonances
separate into N peaks each. These N peaks associated with
each resonant mode are similar to the N discrete normal
modes supported by a nanoparticle chain.40 For simplicity in
explanations we use the mode nomenclature mn, where m
indicates the resonance order of the slow-SPP standing wave
as used in a single layer, and n=1. . .N indicates the order of
the normal mode along the z propagation direction, related
with the relative phases of the mode at each layer. All the
modes m1. . .N show the same m-mode resonance in each
nanoparticle, but with different phases between the nanopar-
ticles in each of the N layers. Increasing the period az causes
the m1. . .N modes to move closer in frequency, and at az

→� the modes become degenerate to form a single mode m,

(b)(a)

FIG. 7. �Color online� Transmittance and reflectance spectra and retrieved electromagnetic parameters of the analyzed metamaterial upon
plane-wave excitation as shown in Fig. 1 when a dielectric with refractive index �a� 1.8 �b� 1.9 is introduced between the arms. Geometrical
parameters are r=150 nm, d=450 nm, L=2125 nm, Ltot=4700 nm, ax=ay =2800 nm. On the first case �a� a negative index of refraction
is retrieved. On the second case �b�, both resonances are too close together and disturb each other.
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equal to that of a single layer. Also, if the number of layers is
increased indefinitely N→�, the modes m1. . .N would form a
continuous spectrum showing the true unit-cell response of
the infinite medium metamaterial.

To better study this complex set of resonances, we found
that reducing the loss of the metal Drude model allowed a
much easier identification of resonances when stacking the
metamaterial, so in this section we used in our simulations an
unrealistically low-loss collision frequency of �=1
�1012 s−1. This greatly reduced the resonance damping and
also allowed us to easily scale down the metamaterial to
work in the near infrared. Also, to simplify the meshing dur-
ing simulations, a rectangular nanostrip with height h and
width w was used instead of a cylindrical nanowire of radius
r: the slow-SPP mode fields and dispersion relations on such
nanostrips can be calculated numerically,41 showing very
similar behavior to a cylindrical nanowire.

The resonances seen on a stack of N=3 layers of the
metamaterial are shown in Fig. 9 together with their electri-
cal current distributions. It can be visually seen and con-
firmed with parameter retrieval that the new resonances
m1. . .3 can create new VCLs or new net electric dipoles which
can give the resonances m1. . .3 either magnetic or electric

Lorentz-type responses, respectively. For example, mode 23
clearly shows VCLs between nanoparticles and therefore
shows a magnetic response.

Similar to the case with one layer, we adjusted the geo-
metrical parameters of the N=3 layered metamaterial so that
the electric resonance 21 �which is the highest in frequency
of the m=2 resonances� occurred at a frequency just below
the magnetic resonance 31 �the lowest in frequency of the
m=3 resonances�, yielding a negative real part of the effec-
tive refraction index around 280 THz. Again, it was of ut-
most importance that both resonances where separated
enough as to show distinct dips in the transmission spectrum
so they were not interfering with each other. The transmis-
sion and reflection spectra and retrieved effective parameters
are shown in Fig. 10.

Finally, the time-varying electromagnetic fields were
simulated on the designed N=3 layered material at 282 THz,

FIG. 8. �Color online� Transmittance and reflectance spectra and
retrieved electromagnetic parameters of the analyzed metamaterial
upon plane-wave excitation as shown in Fig. 1 with geometrical
parameters r=100 nm, d=450 nm, L=2125 nm, Ltot=4700 nm,
ax=2800 nm, ay =2300 nm. A negative index of refraction is
retrieved.

FIG. 9. �Color online� Transmission and reflection spectra for
three layers of metamaterial with geometrical parameters L
=375 nm, h=25 nm, w=40 nm, d=50 nm, ax=ay =600 nm, az

=250 nm. For each resonance the current distributions on the three
U-shaped nanostrips of a unit cell as seen from above are depicted.
The incident plane wave is incident upward from the bottom in the
representations. A plus or minus sign is added to each layer to
indicate the phase of the electric current in that layer with respect to
the first �the bottom� layer.
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where neff was found to be negative, and the backward wave
propagation inside the LHM composed only of U-shaped
nanowires was clearly observed, as shown in Fig. 11. Re-
member that this last simulation on near infrared frequencies
considered low losses: if we use experimental data24 for gold
in this case it results in weak resonances and no double-
negative behavior. The losses are thus the main limitation
when designing the proposed metamaterial above far-
infrared frequencies, as is common in all SRR-based
metamaterials.

V. CONCLUSION

In summary, we have performed simulations confirming
that the nanowire slow-SPP standing-wave resonator model
is very adequate to analyze the resonances in an array of

SRRs, also called U-shaped or horseshoe-shaped nanowires.
Use of the slow-SPP dispersion relation together with the
standing-wave condition can be useful to predict the fre-
quency position and behavior of the several standing-wave
modes in the SRR as a function of geometrical parameters.
To refine the predictions, far-field coupling between unit
cells should be taken into account using the appropriate di-
polar interaction model,37 and near-field coupling between
the two arms should also be taken into account when they are
close together. Under certain restrictions �very thin nano-
wires and dimensions much shorter than the wavelength� the
coupling between arms can be analyzed as the MPR between
two nanowires.35

When the U-shaped nanowires were used as unit cell of a
metamaterial, we saw through effective parameter retrieval
methods how the various standing-wave resonances can
show either an electric or magnetic effective response de-
pending on their current and field distributions, thus yielding
negative constitutive parameters just above the resonant fre-
quency. We demonstrated on simulations some methods of
making the third resonance �which shows a magnetic re-
sponse� exist in a frequency just above the second resonance
�which shows an electric response� and so achieve a negative
effective refractive index in the far-infrared region of the
spectrum. In contrast with typical metamaterials, negative
permittivity and permeability have been obtained through
different resonances on the same structure.

We also performed simulations on the effect of stacking
the metamaterial into N layers, and described how each
standing-wave resonance mode m splits into N normal-mode
resonances m1. . .N each showing its own electric or magnetic
response. We performed simulations showing how these
resonances can also be shifted adequately to achieve a LHM
showing backward wave propagation.
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